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UNIFORM DOMAINS WITH RECTIFIABLE BOUNDARIES AND 

HARMONIC MEASURE 

MIHALIS MOURGOGLOU 


In memory of G. I. Chatzopoulos 

Abstract. We assume that fl c d > 2, is a uniform domain 

with lower Ahlfors-David d-regular and d-rectifiable boundary. We show 
that if is locally finite, then the Hausdorff measure TL'^ is abso¬ 

lutely continuous with respect to the harmonic measure oj on dfl, apart 
from a set of ‘^-measure zero. 
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1. Introduction 

Determining (mutual) absolute continuity of the harmonic measure as¬ 
sociated to the Laplace operator and the d-Hausdorff measure in domains 
with “rough” boundaries has been a hot topic of research in mathematical 
analysis for almost four decades now. The interest in such questions can be 
justified partially by the connection between (a quantitative version of) the 
absolute continuity of the harmonic measure and the well-posedness of the 
Dirichlet problem with data in some space (even for elliptic operators of 
divergence form with merely bounded real coefficients). 
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Already in 1916, F. and M. Riesz f[2^ showed that for simply eonneeted 
planar domains, bounded by a Jordan eurve, whose boundary has finite 
length, harmonie measure and are-length are mutually absolutely eontin- 
uous. Their theorem was improved by Lavrentiev [l24l demonstrating that 
in a simply eonneeted domain in the eomplex plane, bounded by a ehord- 
are eurve, the harmonie measure is in the Aoo elass of Muekehoupt weights. 
Bishop and Jones 0 proved a loeal version of F. and M. Riesz theorem by 
showing that if is a simply eonneeted planar domain and F is a eurve of 
finite length, then u -C on dQ fl F, where ui stands for the harmonie 
measure. They also give an example of a domain fl whose boundary is eon- 
tained in a eurve of finite length, but 'H}{dVL) = 0 < a;(9fl), thus showing 
that some sort of eonneetedness in the boundary is required. 

In higher dimensions, the situation is a lot more delieate. The obvious 
generalization to higher dimensions is false due to examples of Wu and 
Ziemer: they eonstruet topologieal two-spheres in with boundaries of fi¬ 
nite Hausdorff measure IH? where either harmonie measure is not absolutely 
eontinuous with respeet to V? Il28l or V? is not absolutely eontinuous with 
respeet to harmonie measure ||29l , respeetively. In the affirmative direetion, 
Dahlberg shows in [fT3ll that in a Lipsehitz domain, the harmonie measure 
and the d-Hausdorff measure restrieted to the boundary are Aqo- equivalent. 
The same result was proved by David and Jerison in [fTSll under the assump¬ 
tions that fl C is an NTA domain and dVL is Ahlfors-David regular. 
Reeently, Azzam, Hofmann, Martell, Nystrom and Toro (fill showed that 
any uniform domain with uniformly reetifiable boundary is an NTA domain 
and thus, uj G A^o by IfTSl (a direet proof of the A^o-equivalenee between 
u and H^ldn in this ease was given earlier by Hofmann and Martell [fT^ : 
the eonverse implieation is proved in [|2T]| and a stronger version of it in 
[fT9l ). One ean also find similar results for domains with uniformly reeti- 
fiable boundaries (without the uniformity assumption) in [flOl . Hofmann, 
Martell and Toro lf20l reeently obtained a eharaeterization of uniform do¬ 
mains with uniformly reetifiable boundaries via the A^o equivalenee of the 
elliptie harmonie measure and the d-Hausdorff measure (for seeond order 
elliptie operators of divergenee form with real, loeally Lipsehitz eoeffieients 
that satisfy a natural Carleson eondition). 

At first look, Ahlfors-David regularity seems superfluous for establishing 
absolute eontinuity in NTA domains, and in some sense it is: in [[8|, Badger 
shows that if one merely assumes is loeally finite and fl C is 

NTA, then we still have ce. He also shows that ce -C ce 

on the set 


{a: G Ofl : liminf'H‘^(i?(a;, r) nc)fl)/r'^ < cx)}. 
1 —>0 
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The question whether NTA-ness of the domain is enough to obtain ui <C 
was already answered in the negative by Wolff in ETl . with the im¬ 
pressive eonstruction of the so-called Wolff snowflakes. Although, there 
was a question in [[8]| whether this could be true under the additional as¬ 
sumption that is locally finite. Very recently Azzam, Tolsa and 

the author [|4l| demonstrated that there exists an NTA domain with very 
flat boundary for which H^ldn is locally finite and yet, one can find a set 
E C dfl such that u;{E) > 0 = T-i^{E). 

However, it was left open whether one can show that -Co; relaxing 

the geometric conditions of the domain. It is this matter that we will deal 
with in the present paper. In fact, we show that UJ on dVt up to a 

set of 'H'^-measure zero, under the assumption that the domain is uniform 
and its boundary is lower Ahlfors-David d-regular and d-rectifiable (all the 
definitions can be found in section |2l). 

Theorem 1.1. Suppose that d > 2. Let C be a uniform domain with 
lower Ahlfors David d-regular and d-rectifiable boundary dVL. If'H^\do Is 
locally finite, then ^ 'Hfi-a.e. on dVL. 

The lower Ahlfors-David regularity may seem to be a technical condition 
but in fact, it is not. Indeed, on the one hand, the boundary of an NTA 
domain is always lower Ahlfors-David d-regular, while on the other, the 
conclusion of Theorem 11.1 1 may fail once we relax the lower Ahlfors-David 
d-regularity assumption. We will show that Theorem 11.11 is sharp in the 
following sense: 

For each s E (d — 1, d), we can construct a uniform domain C 
such that 

(1) dil is lower s-Ahlfors-David regular, 

(2) is locally finite, 

and there exists a set C Oil for which 'H'^{E) > 0 = u{E). 

An example of such a domain, constructed by J. Azzam, will be presented 
in the Appendix lAl 

While putting the final touches to this manuscript , Jose Marfa Martell 
informed us that in a joint work with Akman, Badger and Hofmann in 
preparation, they have obtained independently Theorem 11.11 under slightly 
stronger assumptions (in particular, assuming that dil is Ahlfors-David d- 
regular). 


Acknowledgements. We warmly thank J. Azzam for his encouragement 
and several discussions pertaining to this work and rectifiability, as well 
as for explaining the techniques developed in his earlier work on the same 






4 


MIHALIS MOURGOGLOU 


topic. The author was supported by the ERC grant 320501 of the European 
Researeh Couneil (EP7/2007-2013). 

2. Background material 

• If A, i? c we let 

dist(74, B) = inf{|a; — y\ : x E A,y E 5}, dist(x, A) = dist({a;}, A), 

• B{x, r) stands for the open ball of radius r whieh is centered at x. 
We also denote by XB{x, r) = B(x, Xr). 

• We will write p < g if there is C > 0 so that p < Cq and p <m q 
if the eonstant C depends on the parameter M. We write p ~ g to 
mean p ^ q ^p and define p g similarly. 

• Eor A C and s E (0, d + 1] we set 

Ul{A) = inf ; A C (Jr,),G . 

Define the s-dimensional Hausdorjf measure as 

W{A) = \imm{A) 

540 

and the s-dimensional Hausdorjf content as ^^{A). See Chapter 4 
of f[251 for more details. 


Definition 2.1. We say that a set C is Ahlfors-David s-regular 
(s-ADR) if there is C > 1 so that 

r®/C < 'H^{B{x, r)) < Cr^ for all x G i?, 0 < r < diamE. (2.1) 

If a set i? C satisfies only the lower (resp. upper) bound we shall 
eall it lower (resp. upper) Ahlfors-David s-regular. 

Definition 2.2. A domain XI is ealled uniform if there is Cq > 0 so that for 
every x,y E XI there is a path 7 C eonnecting x and y sueh that 

(a) if £(7) is the length of 7, then £(7) < Cq\x — y\ and 

(b) for 2; G 7, dist(z, Of!) > dist(2:, {a:, pD/C^. 

We eall any sueh path a good curve eonneeting x and y. 

Definition 2.3. We say that XI satisfies the interior Corkscrew condition if 
for all X G dXl and r G (0,diamc)f2) there is a ball B{z,r/C) C D n 
B{x, r). We say that XI satisfies the exterior Corkscrew condition if there is 
a ball B{y,r/C) C B{x, r)\Xl for all x E dXl and r G (0, diamOfl). 

Definition 2.4. A domain is ealled non-tangentially accessible (NTA) 
[l23l if it is uniform and satisfies the exterior Corkserew eondition. 
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We introduce the notion of “dyadic cubes” for a metric space (we may 
refer to them as “metric cubes”). We will use the construction of Hytonen 
and Martikainen from [[22ll . which refines the originals of Christ [|T2l and 
David m. 

Theorem 2.5. For cq < 1/1000, the following holds. Let ci = 1/500 and 
T, be a metric space. For each n G Z there is a collection T>n of “cubes,” 
which are Borel subsets of S such that 

(1) E = UAeDn ^ for every n, 

(2) if A, A' G D = IJ Vn and A fl A' 7 ^ 0, then A C A' or A' C A, 

(3) for A G Vn, there is ta G Xn so that if = B{xa, 5cq), then 

ciBa C a C 5a. 


For A G Vn, define i{A) = 5cq, so that 5 a = B{x^, i{A)). 

Remark 2.6. For A G Vn and A' G V^, we have i{A)/i{A') = Cg“™. 

Remark 2.7. If E is an ADR set then we may take cq = 1/2. 

We recall now the notion of rectifiability and its quantitative analogue 
(uniform rectifiability). 

Definition 2.8. If E C is a Borel set, we say that E is n-rectifiable if 
Fi) = 0 where F, = ffEi), E^ C M", and is 

Lipschitz. 

One can find several characterizations of uniformly rectifiable sets in ifT^ 
and IITtI . We state here only two of them. 

Definition 2.9. An Ahlfors-David o-regular set F C is called uni¬ 
formly n-rectifiable if there are constants L > 0 and c G (0,1) such that, 
for all T G r and r G (OjdiamF), there exist E C B(x,r) fl F with 
FV(E) > cr"' and an L-bi-Lipschitz embedding g : E ^ W^. 

Remark 2.10. If F is a bi-Lipschitz image of M”, then it is uniformly n- 
rectifiable. 

The characterisation that will be most convenient for us is the one given 
in terms of bilateral (3-numbers: 


h/3r{A,P)= sup dist(a:, 5)/('(A) + sup dist(r/, F)/('(A), 

xeMBAnr yeMBAnP 

where P is an n-plane and MB^ stands for the ball 5 (xa, Mi(A)). 


6 


MIHALIS MOURGOGLOU 


Remark 2.11. By the local compactness of the Grassmanian and the con¬ 
tinuity of 6/9(A, P) in P, there exists P that infimizes 6/3(A, P), and we 
define 

6/3r(A) = inf6/3r(A,P). 

Theorem 2.12. |[T7l Theorem 2.4] Let T be an Ahlfors-David n-regular set 
in Then V is uniformly rectifiable if and only if for every pair of 

positive constants £ 1 and M S> 1, there is a disjoint decomposition 

T>{T) = Q U B, such that the cubes in B satisfy the a Carleson packing 
condition 

'H"(A') S.M ^"(A), for all A G P(r), (2.2) 

A'cA-.A'eB 

and such that for every A G we have that 6/3r(A) < £. 

Finally we recall a useful corollary from ll^ . 

Lemma 2.13. ^ Corollary 3.4] Let pbe a Borel measure, S = supp p and 
C Ao G P(S) be a Borel set. Let also 0<6<1<M< Mo/2 and set 

= {A :AnP7^0, 3a;G MB^ such that dist(x, E) > 6('(A)}. 

Then there is Ci > 0 so that, for all A' C Aq in T){Yj), 

Y , /i(A) < C'i/u(A'). (2.3) 

ACA' 

3. Whitney cubes and interior sub-domains 
For n G Z, a (d -f 1)-dimensional dyadic cube Q of side length 2” in 

^d+i 

is a (d -f l)-fold Cartesian product of closed intervals of the form 
[32"^, {i 1)2"^], where i G Z. We will denote by i{Q) = 2^ the side-length 
of Q and by XQ the cube of the same center as Q and edges parallel to the 
coordinate axes but side-length Xi{Q). 

Definition 3.1 (Whitney Cubes). For an open set XI C we will denote 
by >V(f2) the set of maximal dyadic cubes Q C XI such that 3Q fl = 0. 
These cubes have disjoint interiors and satisfy the following properties: 

(1) £{Q) < dist(a;,fl^) < 4 diam Q for all a; G Q, 

(2) (1 — \/d -f < dist(x, Xl^) < (4 -f (A — l)/2) diam Q for 

all X G AQ if A > 1 is close enough to 1 (depending on d) 

(3) If Q, P G >V(f2) and Q n P ^ 0, then £(Q) i{R). 

(4) Z]qgw(o I 2 AQ In for sufficiently small A > 1 (depending on 
d). 
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• We say that Q,R G W(f2) are adjacent if Q n i? 7 ^ 0 and we write 
Qr^R. 

• We denote by Pq^r the shortest path Q = Qo, •••; Qk = R of Whit¬ 
ney eubes sueh that Qj ~ Qj+i for j = 0,A; — 1 and define the 
distanee d^{Q,R) = k + 1. 

We ean now state an equivalent eharaeterization of uniformity . 

Theorem 3.2 (Alternate eharaeterization of uniform domains). A domain 
is uniform if and only if it satisfies the interior Corkscrew condition and 
there is Nq : [0, cxd) —)■ [0, cxd) increasing such that, 

dn{Q,R) < N{dist{Q,R)/mm{i{Q),i{R)})forallQ,Re 

(3.1) 


We state here a method to eonstruet a uniform sub-domain around 
a preseribed portion of a uniform domain kl. This eonstruetion is pretty 
standard but a proof ean be found for example in |[2l Lemma 4.1]. 

Lemma 3.3. Let C be a uniform domain and let E C B{xo, tq) fl 
dfl be compact where xq G dfl and tq G (0, diam Ofl). Set Co > 0 and 

^f = {Qe W{n) : CoQ n C ^ 0, i{Q) < ro}. 

For some constant C > 0, set 

= {Q : Q G for some Qi, Q 2 G with dn{Qi, Q 2 ) < C). 

For A > 1, set 



Then for Cq and C large enough and A > 1 close enough to 1 (each depend¬ 
ing only on Cq and d), Qf is a uniform domain contained in B{xo, C“ro) 
and diam dfl f > rQ/C~, for some C~ := C^- = C^^-(d, Cq, A, Cq). 

Moreover, dflf fl dfl = E. 

Remark 3.4. Let 

= {Q E : Q ^ Q' for some Q' G 'W(fl)\^f} 

and 

d^^fj = {Q E'^e ■ Q ^ Q' for some Q' E W(fl)\fi'E }• 

For eaeh R G there exist at most N = N(C, d) eubes Q E cFffi with 
Q' = R. 
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4. Main lemmas 

Another characterization of rectifiability, which will be suitable for our 
purpose, is described in the following proposition. 

Proposition 4.1. E C is an-rectifiable setifandonlyifT-E{E\ IJ^i Tj) 
0 where Fj = Ei{W^) and Fj : M” —)■ is bi-Lipschitz. 

For the proof we need the following theorem. 

Theorem 4.2. [|71 Theorem II]. Let D > d > 1 and Q < k < 1 be given. 
There are constants C = C'{d) > 0 and M = M{K,d) such that if f : 

—>■ is a 1-Lipschitzfunction, then there are sets Si,..., such that 



and such that ifYi f 0, there is F, : —)■ R^ which is Lo-bi-Lipschitz, 

Lq SO that 

Filsi = /|sr (4.2) 


Proof of Proposition I4.il The sufficiency part is straightforward. For the 
necessity part, we let F C R'^+^ be a n-rectifiable set. Then, by definition 
12. 8 [ there exist Fj = fi{Ei), where F* C R"^ and fi'.Ei^ R'^+^ Lipschitz, 
such that 'H”(F\ Fj) = 0. We extend f to Lipschitz functions/j : 
R"^ —)■ R'^+^ and then we cover R"^ by n-dimensional cubes {Qj}^i of unit 
length. 

Fix such a cube Qj and then fix a Lipschitz extension f restricted to 
Qj. If A; e N and 6 = 1/fc, by Theorem 14.21 we find M = M{k,n) sets 

Si’-^,...,S^ such that < C'k~^. Additionally, 

there are Ef^ : R" —)■ R'^+^ which are Lo-bi-Lipschitz, with Lq k, so 

that 

If we apply this to each /j and each cube Qj, it is easy to see that 
{El’^}i,j/ is our collection of bi-Lipschitz maps. 

□ 

Lemma 4.3. Let F C R‘^+^ be a closed set. Suppose that Aq G F(F) and a 
Borel set E G Aq so that 0 < 'H‘^{E) < oo. Then there exist Cq > 1 and a 
Borel set E' G E such that 

(1) V.\E') > \n\E), 

(2) TT^{E n A) > Cf^ldf^A), for every A G ViV) for which A C Aq 
and A n F' 7 ^ 0. 
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Proof. Let be the maximal sub-collection of metric cubes in T>{T) 

such that Aj n 7 ^ 0, Aj C Aq and 

for some 5 > 0 to be chosen. Define E' := E\ Aj and note that 


'K^{E') =n‘^{E) - n E) 

i&I 

>n'^{E) - 


i£l 


>n‘^{E){i-6 


H\E) )' 


We conclude by choosing 5 = 'H‘^{E)/2'H^{Aq). 


□ 


Lemma 4.4. Let T C be an Ahlfors-David d-regular closed set, Aq G 
D(r) and E be a Borel subset of Aq so that 0 < 'H^{E) < oo. Suppose 
that E' is the subset of E obtained by Lemma l4Al and B C 'D{r) is a sub¬ 
collection of metric cubes such that for each A G 'D{T) we have that 

Y ;S w"(A). 

A'gB;A'cA 

Then for every A C Aq for which A n E' f ij), there exists A' C A such 
that A' G V{T)\B and i{A') ~ i{A). 


Proof. We let A G D such that A fi 7 ^ 0 and A c Aq. Define now 
Mk = {A' eV-. A' c A, £(A)/£(A') - 2^ and A' n E ^ 0}. 

By Lemma 1431 we obtain that 

H\A)<n\AnE) < n\A'nE)<2-^^H\A)\Mkl 

A'GMk 

where \M.k\ stands for the cardinality of M.^. Therefore, \M.k\^ 2^'^. 

Take now all the metric cubes A' G 1Ja:=i and notice that in the case 
that lj^=i MkC. B we have that 

N N 

Nn\A) < 7{'^(A) ^2-“|A4fc| n\A') 

k=l k=l 

< n^A') <H\A). 

A'eBiA'cA 

If we choose A > 0 sufficiently large, we reach a contradiction and the 
lemma follows. □ 
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5. Core of the proof of Theorem I1.1I 

Let C be as in Theorem ll.il Since d^l is rf-rectifiable we can 
apply Proposition l4.1 l and find a countable union of bi-Lipschitz images that 
exhausts dil up to a set of '^-measure zero. We fix such an image 
and denote it by T. Let F := dil fl T. Then by Lebesgue’s density theorem, 
for 'H'^-a.e. x e F, it holds that 


n F) 

r™ 'H'^[B{x, r) n dQ) 


1 . 


Therefore, for 'H'^-a.e. x E F, there exists r^. > 0 such that for every 
0 < r < Ta;, 'H^{B{x, r) n F) > 'H^{B{x, r) fl dVt)/2 > 0. 

Fix now xq e F and ro < . 


Lemma 5.1. Let fl C be a uniform domain and E be a compact 
subset of B{xo, Tq) fl d^l fl T such that > 0. Let also M = 2 Cq, + 1 

and e > 0 be sufficiently small. Suppose that A G T>(V) has the following 
properties: 

1 ) (flatness) b/3r{A) < e, 

2) (density) For every x G MB^ fl T and dist(a;, E) < ei{A). 

Then there exists a ball Bo C B^\fl such that r{Bo) ~ i{A). 


Proof. Let P be the hyperplane that infimizes 6/9r(A) and P' the hyperplane 
parallel to P passing through ta (the center of B/f). Then &/9r(A, P') < 2e. 
Without loss of generality we assume xa = 0 and P' = W^. 

Let i? be a Corkscrew ball in fl for i?A with radius r(B) ~ ^(A). We 
claim that every x G 1/2B satisfies dist(x, W^) > i(A). Indeed, if this was 
not the case, we would have that dist(l/2i?, Mf) -C i{A) and therefore, by 
the density and flatness condition for A, i? fl fl 7 ^ 0. But this violates that 
S is a Corkscrew ball in fl and proves our claim. 

Fix X G 1/25 and let y be in the reflection of 1/25 across Mf. We will 
show that y cannot lie in fl. We assume to the contrary that both x and y are 
in fl. Then, by the uniformity of fl, there exists a good curve 7 connecting 
X and y (notice that by the choice of M it is always true that 7 C MB/fl}. 
Therefore, there exists z G n 7 n MB/^. If 2;r G F is the point that 
realizes the distance dist(. 2 , F), we have that \z — zr\ < 2ei{A), using that 
b/3r{A, < 2e. This, in turn, by the density of MB^ fl F in 5, implies 

that d{z, E) < 3£f(A). Using the “goodness” of the curve 7 we obtain that 

dist(^, {x, |/})/c < dist( 2 ;, clfl) <dist(^, 5) < 3£f(A). (5.1) 

But since dist(x, M'^) ~ dist(?/, Mf) ~ i{A) and e is sufficiently small, we 
reach a contradiction and this concludes the theorem. 
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□ 

Since is Radon, we ean always find E C fl F n i?(a;o,ro) 

eompaet with > 0. Let now E' C E he the set obtained from 

Lemma 14.31 and eonstruet a uniform domain around E' as in Lemma 
I3.3[ We will show that is an NTA domain. 

Lemma 5.2. fig, satisfies the exterior Corkscrew condition. 

Proof. It is enough to show that for every x G dOfi, there exists a ball 

Bq C i?(T, r) \ fig, with radius r(i?o) ~ r. We eall sueh Bq a Corkserew 
ball. 

Let dist(x, E') < r/2 and x' E E he so that \x' — x| < r/2. Then there 
is A G V{V) eontaining x' with f(A) ~ r sueh that 

Ba ^ B{x',r/2) C B{x,r). 

If A satisfies the flatness and density eonditions of Lemma 15.1[ then the 
existenee of a ball Bq with the desired properties follows by that lemma. If 
not, we set B to be eollection of cubes for whieh either 6/9r(A) > e or there 
exists X G MB A sueh that dist(x, E') > ei{A). In light of Theorem 12.121 
and Lemma |2.13[ this is a Carleson family and thus, by Lemma 14341 there 
exists A' C A such that A' G 'D{T)\B and f(A') ~ ^(A) ~ r. We apply 
once more Lemma [5T] and obtain a Corkserew ball Bq. 

Let dist(x, E') > r 12. Then there exists Q G c?^g, sueh that x G dXQ. 
If i? G W(fl) is the Whitney eube eontaining x, it is elear that R ^ 

Sinee (.{R) ~ (-{Q') for any Whitney eube Q' ~ R, we have that R' = 
R\ Uq's#- ^Q' is ^ reetangular prism with all side-lengths eomparable to 

^{R) ^(Q). In light of CqQ fl if' 7^ 0 and x G \Q C CqQ, it holds that 

r < 2 dist(a;, if') < 2diamC'oQ ^(ii), 
and elearly B{x,r) HR' eontains a Corkserew ball of radius ~ r. 

□ 

It only remains to show that the boundary of the new domain fig, has 
finite d-Hausdorff measure. 

Lemma 5.3. 'H'^( 9 flg,) < 00. 

Proof. If Q G d^E', there exists Q' ^ Q whieh is not in i.e., CoQ' fl 
E' = 0. We ean pick Cq > 0 so large that there exists A G P(5fl) whieh 
is eontained in CqQ' and f(A) ~ i{Q') ~ ^{Q)- Let Aq g V{dkl) be the 
maximal metrie eube sueh that Ag G CqQ' , i(A) m') ^{Q) and 

“^Baq n if' = 0. We also let yq = xaq (reeall that xaq is the eenter of 
Baq)- 
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Claim: For any fixed metric cube A G V{dVL), there exists Nq = 
iVo(d) > 0 so that ^{Q G : Aq = A} < Nq. To see this, fix 

A G 'D{dVt) and suppose that Aq = A, for some Q G the def¬ 

inition of Aq, there exists some (possibly large) positive absolute constant 
cr so that any cube Q G for which A = Aq is contained in the ball 
B{xa, o'i{A)). Since all Q G such that Aq = A are disjoint and have 
comparable side-lengths, by volume considerations the claim follows. 

Notice now that for Q G we have i{Q) ~ dist((5, E') < and 
thus, ^(Aq) < tq. Moreover, dist(AQ, xq) < dist(AQ, Q) + dist(Q, Xq) < 
dist(|/Q, Q) + ro < i{Q) + ro < tq. 

We set iS := {A G "D : A = Aq for some Q G } which is a disjoint 
family of cubes. Note also that there exists A > 0 so that S is contained in 
B{xo, Aro). This follows easily from ('(Aq) < ro and dist(AQ, xq) < tq. 
Therefore, using the lower d-ADR property of dil we obtain that 

5^ m"- Y. E n‘‘(Agr,on) 

Q&av-, Qed‘^~, Q&d^~, 

<No ^ ^ ^'"(^(^0, Aro) n af]), 

Ae5 

where in the penultimate inequality we used that there are at most Nq num¬ 
ber of metric cubes such that A = Aq and in the last one that S is con¬ 
tained in B{xo,Aro). Since E' C i?(xo,ro) fl dil and is a locally 

finite measure, the lemma follows from Remark 13.41 and the definition of 
(the boundary of) □ 

Let us denote by a;" and u the harmonic measure in the domain and 
fl respectively, with pole at a fixed point of (and thus, of fl) so that 
its distance to the boundary of is comparable to ro. Then, by |0 we 
conclude that -C uj~ and by the maximum principle, this implies 

E' 

that E' aj\E'- 

6. End of the proof of Theorem 1 1.1 1 

Suppose that there exists E <Z dVt such that oj{E) = 0 but 'H‘^{E) > 0. 
Then there exists a bi-Lipschitz image T such that 'H‘^(T fl F) > 0. Arguing 
as in the beginning of section [51 wc pick xq G T fl F and ro > 0 such that 

•H"(r n F n F(xo, ro)) > n^{dQ n F(xo, ro)) > 0. 

Moreover, since 'H'^ldn is Radon, we can find a compact set F C B{x, r) n 
r n F such that 


•H'^(F) > •H'^(F(x, r) n r n F) > 0. 
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Let now E' <Z E he- as in Lemma |43] and reeall that 'H'^{E') > 0. The latter 
implies that uj{E') > 0 sinee uj\e'- Then 

0 < u}{E') < u}{E) < oj{E) = 0, 

whieh leads us to a eontradiction. Therefore, <C a; on d^l apart from a 
set of "H'^-measure zero, whieh eoncludes the proof of Theorem ILll 


Appendix A. 


We present now the construetion of the eounterexample mentioned in 
section [H 

Let Qo be the unit cube of s e {d — l,d) and E C Qo is an Ahlfors- 
David s-regular set so that its complement is a uniform domain. Let i? 2 -" 
denote the union of all dyadic cubes of side-length 2“"^ that intersect E. 
Then 

QnE^<D:i(Q)=2-" 

^^-nid-s) i{Qy (A.l) 

QnE^0:£(Q)=2-" 


Let be for the Whitney decomposition of the upper half-space 

For each W G we let Tw be the affine similarity that 

maps Qo to and set Ew = Tiv{Eii^w)) so that 

n'^idEw) = mfH\dE,(^w)) < 

where in the last inequality we used (lA.ll) . This estimate implies that if we 
define Vl := Um/gw(r'^+^) then is locally finite. By con¬ 

struction it is not hard to see that fl is uniform and its boundary d-rectifiable. 

Notice now that by the Ahlfors-David s-regularity of E one can deduce 
that HloiB n dil) > r{By (with uniform contants), where i? is a ball of 
radius r{B) centered on dVt and stands for the s-Hausdorff content. 
Therefore, by a result proved by Bourgain in IfTTl (for a proof see also BH 
Lemma 4.1]) we have that there exists Cq G (0,1) such that u:^^{B) > cq, 
where 5 is a ball centered on dVL and is the harmonic measure in fl 
with pole dXxB (a Corkscrew point of B). With this in hand, we combine 
[[51 Lemma 4.2] and [[H Lemma 3.6] and obtain that the harmonic measure 
in VL is doubling. 

Take now a ball i?(T, r) such that x G Note that there exists a Whit¬ 
ney cube Wo C B{x, r) fl such that l{Wo) ~ r. Then, by doubling, 
uj{B{x, r)) < u:{Wo). By Lebesgue’s density theorem we have that. 


1 < lim 


u:{Wo) 
u){B{x, r)) 


, u{B{x,r)\M.‘^) 

— - 7—7 -u;— 

u{B{x,r)) 


—)■ 0, for ce-a.e. x G 
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Therefore, = 0 and for any set F C such that 0 < 'H‘^{F) < oo 

we will have uj{F) = 0, which concludes our proof. 
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